Mixing in numerous medical and chemical applications, involving overly long microchannels, can be enhanced by inducing flow instabilities. The channel length, is thus shortened in the inertial microfluidics regime due to the enhanced mixing, thereby rendering the device compact and portable. Motivated by the emerging applications of lab-on-a-CD and II . We quantify the potential of all the modes to induce such localized mixing near the interface using the notion of penetration depth. We also present an instability regime map obtained from the parametric study over a range of Reynolds numbers, Rotation numbers, 2 streamwise and spanwise wave numbers, to assist the design of efficient microchannels.
which only the existence of Mode I is previously known for the present flow configuration. Furthermore, Modes I and II exhibit competing characteristics, signifying that Mode II can also play an important role in the transition to turbulence. Modes III and IV have relatively lower growth rates, but the associated normal velocity has an oscillatory nature near center of the channel. Thus, we infer that Modes III and IV might cause strong mixing locally by virtue of strong velocity perturbation in proximity to the interface; a scenario plausible if the channel is too short to allow for the amplification of Modes I and II . We quantify the potential of all the modes to induce such localized mixing near the interface using the notion of penetration depth. We also present an instability regime map obtained from the parametric study over a range of Reynolds numbers, Rotation numbers, 2 streamwise and spanwise wave numbers, to assist the design of efficient microchannels.
Further insight into the mechanism of energy transfer, drawn from the evaluation of kineticenergy budget, reveals that the Reynolds stress first transfers energy from the mean flow to the streamwise velocity fluctuations. The Coriolis force, thereafter, redistributes the axial momentum into spanwise and wall-normal directions, generating the frequently observed roll-cell structures. A qualitative comparison of our predictions with reported experiments on roll-cells indicates co-existence of Modes I and II .
Introduction
Mixing processes at the microscale play a key role in the progress of several chemical and biological reactions such as DNA hybridization (Wei et al. 2005) , bioreactors ( Li 2008 ) and immuno-assays (Hatch et al. 2001) . Such systems are typically characterized by low (Stroock 2002) , and therefore the resulting design for micro channels is often beyond practically acceptable requirements (Liu et al. 2000) , (Steigert et al. 2005) . The hastening of the mixing process is thus important for further development of microchannel devices.
Enhanced mixing at such small scales is achieved by a plethora of techniques (Erdogan & Chatwin 1967; Berger et al. 1983; Jiang et al. 2004; Sudarsan & Ugaz 2006) , mostly based on introducing a secondary flow caused by inertial forces. Rotationally actuated micro-fluidic devices, like Lab-on-a-CD platform (see figure 1), are inherently adept at generating secondary flows by virtue of the Coriolis force. The advantages are many (Burger et al. 2012 ), for instance: (i) versatility with specimen irrespective of the fluid properties like viscosity, conductivity, (ii) uncomplicated geometry unlike Dean force-based devices which require specialized micro-fabrication (Bertsch et al. 2001; Kim et al. 2004 ), (iii) simple rotor actuation mechanism, thus making the device ideal for low cost environs. Configurations, where the Coriolis force overwhelms the centrifugal force, are used in practice to enhance micro-mixing by triggering instabilities (Madou et al. 2006; Madou et al. 2001; Ducrée et al. 2007; Chakraborty & Chakraborty 2010) . Hence, a clearer understanding of the destabilizing effect of the Coriolis force in a CD-based platform can lead to more precise and effective 3 designs. In this context, our study lies at the intersection of inertial microfluidics and linear stability theory. Figure 1 illustrates a rotating microchannel flow where the incepted instability leads to intense mixing. Experiments and subsequent theoretical calculations (Chakraborty et al. 2011 ) reveal that the ratio of Coriolis force to the centrifugal force    governs the extent of mixing achieved in such flows. The authors report that molecular diffusion dominates at low rotational speed because Coriolis force is lower than the centrifugal force. Mixing due to a streaky instability gets prominence when the rotational speed is such that  exceeds 1.35 , and the transverse Coriolis force is large enough to setup a secondary flow. Numerical simulations of Roy et al. (2013) indicate that increasing the channel aspect ratio leads to a non-monotonic behavior in the critical rotational Reynolds number ,cr Re  at which the secondary flow sets in, with the lowest corresponding to a square channel. These observations raise question as to how the Coriolis force destabilizes the flow.
In order to understand and answer the question better, we briefly review the linear stability of rotating microchannel flows. Plane Poiseuille flow, known to be stable until Reynolds number 3848.15 (Orszag 1971) , when subjected to even a minor spanwise perturbation, becomes unstable at very low Reynolds number ( Re 88.53 cr  (Lezius & Johnston 1976 ) and 100 (Alfredsson & Persson 1989) ) in the presence of spanwise rotation.
The transitional and turbulent rotating channel flows are marked by the appearance of streaky or streamwise oriented roll-cell structures (Chakraborty et al. 2011; Lezius & Johnston 1976; Matsson & Alfredsson 1990; Grundestam et al. 2008; Kristoffersen & Andersson 1993) which have been attributed to the Coriolis force. Indeed, the wavelength of the steady rollcell instability can be predicted using linear stability theory (Matsson & Alfredsson 1990 ).
Intriguingly, the roll-cell structures are gradually eliminated with an increase in the rotational speed (Alfredsson & Persson 1989; Wall & Nagata 2006) . Despite the experimental and theoretical investigations by researchers, a complete understanding of the Coriolis force induced roll cell instability (i.e. Coriolis instability) has failed to emerge and there are questions yet to be answered. For instance, how does a variation in the rotation rate affect the growth of roll-cells, or how does fluid viscosity influence the neutral curve for the Coriolis instability, can there be multiple unstable modes and can they co-exist? Is there a competition between the multiple unstable modes emerging from the Coriolis instability? Furthermore, the precise energy transfer mechanism, which excites the roll-cells, is also unclear. The development of design guidelines, hitherto lacking, for microchannels using Lab-on-CD technique, rests on our understanding of such instabilities. In order to answer these fundamental queries and develop a theoretical understanding of the effect of Coriolis force, we conduct a linear stability analysis of a rotationally actuated flow.
Our analysis reveals the existence of four unstable modes   The article is organized as follows: In section 2, we present the mathematical formulation of the problem and the linearized Navier-Stokes equations are discussed. In section 3 we present the stability results. Then, in section 4, we present the energy budget calculation and energy transfer mechanism for the system under consideration. In section 5, we compare our numerical results with experimental results of Alfredsson & Persson (1989) .
We also provide design guidelines for microchannels in section 6. We finally summarize our calculations in section 7.
Mathematical Formulation

Base flow
The linear stability of a Newtonian, incompressible, pressure-driven laminar channel flow with a spanwise system of rotation (Alfredsson & Persson 1989; Lezius & Johnston 1976; Wallin et al. 2013 ) is considered. The fluid has density  and kinematic viscosity /     .
A schematic diagram of the flow in a Cartesian coordinates is illustrated in figure 1 . The coordinate axes x and y are placed along the streamwise and cross-streamwise flow directions, respectively, and the entire system is rotating about the z axis. The dimensional form of the governing equations is: . A further discussion on the modified pressure distribution in such systems is provided by Liu et al. (2008) .
The linear stability equations
Following the modal linear stability approach, we perturb the base state velocity ( ( ) 
The no-slip and no-penetration boundary conditions are applied at the walls (
Further, the equations (3)- (6) 
Where ~ denotes eigen function of wall normal velocity and vorticity and , xz kk are the streamwise and spanwise wave numbers, and  is the frequency of the disturbances. Finally, we have, , respectively. The matrix equation (9) solved together with the boundary conditions (12) is an fourth order eigen value problem solved using a Chebyshev spectral collocation method following the numerical procedure outlined by Trefethen (2000) .
Results and Discussions
Validation of the mathematical model
We have validated our numerical code against the results of Wallin et al. (2013) and (Alfredsson & Persson 1989) . Wallin et al. (2013) 
Modal instabilities and regime diagram
In congruence with the earlier results (Lezius & Johnston 1976 We observe that the eigenfunctions   , v  for the four unstable modes have a very distinct character in the wall-normal direction in figure 3(d) . The length-scale in the wall-normal direction decreases, alternatively the wall-normal wavenumber increases, as we move from modes Type I  to Type IV  . We expect that the associated viscous dissipation term might increase too, which would usually lead a reduction in the growth rate as observed in figure   3 (b).We show that indeed the viscous dissipation is enhanced progressively from Type I  to Type IV  modes in table 1 of section 4 where we discuss the magnitude of the various terms of the kinetic energy equation.
Another interesting aspect of these instabilities is the region over which the instability is present. We observe that the eigenfunction is largely restricted to the upper half of the channel for all the modes while the tendency to penetrate into the lower half increases from
Type I
 to Type IV  with the wall-normal wavenumber. To understand the effect of Coriolis force we plotted the eigenfunctions in figure 3(e) for clockwise rotation keeping rest of the parameters identical as in figure 3(d). We observe that the eigenfunctions are restricted to the lower half of the wall. This confirms that the disturbances largely depend on the direction of rotation, i.e. Coriolis force.
Structure of Type I-IV modes
We now examine the effect of streamwise and spanwise wavenumber variation on the perturbation velocity field. (Speziale & Thangam 1983) .
Reynolds and rotation number dependence
We analyse the effect of varying Reynolds number on the neutral stability curve for the fastest growing instability in the We refer to the lower bound as the sub-critical Ro and the upper bound as the supercritcal Ro and for most microfluidics applications the former is of concern. We report the variation of sub-critical Ro with Reynolds number in section 6 dedicated to micro-channel design guidelines.
However, as we increase the streamwise wavenumber from 0
,we observe that the neutral stability curve has a develops a discontinuity in the gradient as shown by the 
Energy Budget and Instability Mechanism
In the previous subsection we found the existence of mode competition wherein Type I  instability we examine the kinetic energy equation following the procedure described by (Faller 1991) . In order to proceed we must first identify the mechanism by which the energy of the base flow is passed over to the rollcells and the role of Coriolis force in the process of energy transfer. The kinetic energy equation can be expressed as in equations (13) and (14), . In equation (13), term II represents the transfer of energy from the base flow to the perturbed flow, known as the Production/Reynolds stress term. Term IV appears in eq. (13) and (14) with a change in sign and illustrates the energy transfer because of the Coriolis force from production term to the kinetic energy of the roll-cells. Terms III , VI in equations (13) and (14) (13) and (14). Diss increase in magnitude due to the higher wall-normal wavenumber (see fig. 8(b)-(d) ), progressively suppressing the growth rate. It is also interesting to note that the higher modes like Type III  and IV persist deeper into the channel compared to Type I  . This behaviour is reminiscent of the notion of penetration depth introduced by Jacobs & Durbin (1998) Further, it appears that the leading order terms of magnitude, in table. 1 are the production and .
u KE for
Type I  instability while u Diss is a higher order term; however, for Type IV  instability the production and u Diss contribute to the leading order in the energy equation. This implies that relative to Type I  , the Type IV  instability has a Coriolis force which is able to transfer a greater portion of the production term to the overturning cells and the kinetic energy in the streamwise velocity reduces (see fig. 8 (a)- (d)). Indeed, all the unstable modes amplify only because of the Coriolis term. In absence of the Coriolis term no unstable mode exists for spanwise perturbations for the given rotation and Reynolds number as observed in Fig. 3(c) . We thus conclude that all the modes are driven by the Coriolis force. 
Kinetic energy budget for mode competition
We now examine the energy transfer mechanism for competing modes in Tables 2(a) Type I  and is therefore a better measure for predicting the growth rate. It is also worth noting that the Type II  instability is distinct from that of the Type II  mode reported by Faller (1991) (Faller 1991) because the direction of energy transfer of the Coriolis terms is reversed. 
Assessment with experiments
We examine the experimental results of Alfredsson & Persson (1989) to trace signatures of the Coriolis force driven instabilities found in our analysis. We find some signs of the presence of Type I  and Type II  instabilities from the flow visualization images reported by Alfredsson & Persson (1989) fig. 10 (b)) instability while that observed in the flow visualization image yields 3.9 z k  which are reasonably close. If we set the spanwise and streamwise wavenumber equal to that observed in the flow visualization image (indicated by the cross in fig. 9 .), we find that the associated mode shapes resemble the flow visualization image of Alfredsson & Persson (1989) Type II  modes is indicated which reveals that the latter has a stronger streamwise component. The precise contribution will however be determined by the make-up of the upstream disturbances. Video recordings of Alfredsson & Persson (1989) 
Summary and conclusions
We have considered the steady fully developed plane Poiseuille flow through a channel subjected to system rotation about the spanwise direction. A temporal stability analysis has been performed using Chebyshev spectral collocation method to investigate the effect of spanwise disturbance on the flow thorough microfluidic channel. In particular, the influence of Coriolis force on the linear stability of the rotating microchannel flow susceptible to spanwise disturbances and the effect on micro mixing has been studied. The important observations from the present study are: 2. Investigation related to the structure of roll-cells that forms due to four different unstable eigenmodes (see figure 4) disclose that the Type I instability shows regularly spaced roll cell structure. The structure of
Type II instability has a higher wavenumber is the wall normal direction and further flow-visualization studies might help identify the presence of this mode.
However, the structures of Type III and Type IV instabilities are very resembling. Their structure displays twisted and wavy pattern in the mean flow direction of the roll cells.
3. We have compared our linear stability results with the experiment of Alfredsson & Persson (1989) . Our results show very good agreement for most unstable spanwise wave number with the experimental results. A qualitative assessment of flow field in the axial direction has been performed. The considered flow simulated using eigen functions of Type I and Type II instabilities, shows identical character with that of the flow field observed in the experiment conducted by Alfredsson & Persson (1989) . The results related to 25 the marginal stability curve in laminar Plane Poiseuille flow with a spanwise system of rotation suggest a superposition of two different unstable eigenmodes.
Inferences drawn from the above observations would be far reaching. For instance, if an experiment is conducted in the above said system with a specified value of streamwise and spanwise disturbance, we can trigger Type II instability instead of Type I instability for which micro mixing may take place better. We also throw light on more realistic estimates of the Type III and Type IV instability and their contribution towards overall instability and mixing behaviour, an effect of which was not considered in the earlier investigations.
